Let ñ be a second countable Brelot harmonic space with a positive potential. If K is a compact subset of Í2 with more than one point, then K is a polar set iff every positive continuous function on K can be extended to a continuous potential on Í2. This is a generalization of the result proved by H. Wallin for the special case Ü = R" (n > 3) with Laplace harmonic space.
In view of the fact that there are Brelot spaces of the nature mentioned here in which point sets need not be polar [2] , the restriction in Theorem 1 is quite warranted. We can write K = F U G, with F and G closed subsets of ß, neither of which is a subset of the other. Let z be in G and not in F Then, by the Tietze extension theorem, for each positive integer n there is a continuous function /" on K such that/" > 0 on K, and/"(x) = 1 for all x in F and/"(z) = 1/2". Choose e such that 0 < e < 1/2. Then, by hypothesis, there is a positive superharmonic function qn on ß such that |/"(x) -q"(x)\ < e/2"'1, i.e.,
1-
< q"(x) < 1 -\-for all x in F, continuous functions on POLAR SETS 263
Put q(x) = E"_ia"(x) on ß. Then, obviously, a is a superharmonic function and q = oo on F Hence, F is a polar set. Similarly, G is also a polar set. Thus, K is a polar set.
The proof of Theorem 2 relies on first providing an approximation which is in line with the conclusion of the Theorem 1. We also include the following application, which is a generalization of another result of H. Wallin (see [6, Remark 4, p. 62] ). 
Then/7 is a bounded continuous potential on ß, andp is harmonic on 8. By a result of Maeda [5] , Dp(8) < oo. Further, since K c 35, f(x) = q(x) = p(x) for every x in K. The proof is complete. Acknowledgement. The results of this paper formed part of a thesis submitted to McGill University. I would like to thank Professor K. N. Gowrisankaran for guiding my thesis and for his help in preparing this article.
1. Preliminaries. From now on, let K denote a compact polar set in a Brelot space fi. The next theorem is a converse of Theorem 1.
Theorem 4. Given a positive continuous function on K and an e > 0, there exists a continuous potential p on ß such that \f -p\ < eon K.
Proof. Let {£/"}"_, be a decreasing sequence of relatively compact open subsets of ß such that U" 3 Un+X d Un+X for n = 1,2,3,..., andn~=1t/" = K. For each n, let /" be a continuous extension of / to ß such that /" > 0 on Í2, and /" has support contained in U". Taking the infimum at each stage, we may assume that { /" }™_1 is a decreasing sequence. Note that/" -» 0 outside K and/, -^/on£ From the fact that {■R/"}"_i = {Rf"}™=i is a decreasing sequence, it can be proved that Rfn -* R* pointwise on ß. However, it is routine to prove that Rf = fon K. Hence, Rfn -» /on and License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use K. Since, for each n, Rfn is a continuous potential on ß [2] , by Dini's theorem, the convergence is uniform on K. Thus, there is an m such that \Rfn -f\ < e on K if n > m. Theorem 5. Let f0 be a positive continuous function on K, and let F0 be a relatively compact open neighbourhood of K. Put F = F0 and let f be a nonnegative continuous extension of f0 to ß, such that f > 0 on F. Then, given e > 0, there is a continuous potential p on ß such that p < f on F and p > /0 -e on K. In fact, p can be chosen to be harmonic outside F.
Proof. We can assume e > 0 is small enough so that /0 -e > 0 on K. Apply the proof of the previous theorem to the function /0 -e. Let Un be a sequence of relatively compact open subsets of ß such that Un 3 Un+X 3 Un+X, n = 1,2,3,_ Let gn be a nonnegative, continuous extension of /0 -e to ß, with the support of gn c U", and such that Rgn converges to (/0 -£)Xa: on ß as n -> oo. Now, let 17 > 0 such that 17 < e and /0 -e + tj < /0 on K. Since Rgn converges to /0 -e uniformly on K, there is an integer n, such that Rgn < f0 -e + 17 on K if n > nx. Since Rgn and f -e + r¡ are two continuous functions on ß, the set V, defined as {x in ß: Rg"(x) < f(x) -e + r/}, is an open set containing K. Further, Rgn is a decreasing sequence of functions on ß. Hence, (1) Rgn(x) < f(x) -e + tj for every x in Fand every n > n,. Now F0 n F is an open set which clearly contains K. This implies that there is an integer n 2 such that (2) Unc VD F iîn> n2.
Put n3 = max(n,, n2). Choose a > 0 such that/ > a on F Observe that F\ Un is a compact subset of ß, and Rgn decreases to zero on F\ U" as n -* 00. Hence, by Dini's theorem, the convergence is uniform, i.e., there is an integer n4 such that Rgn < a/2 on F\ U" if n > n4.
Put m = max(n3, n4) and p = Rgm. Then it follows that p is a continuous potential; on F\Un , p = Rgm < Äg"4 < a/2 < /; and, lastly, using (1) and (2), p = Rgm< Rg", < Rgni </-e + t, </ on U"3.
Thus/? < /on F Further, on K,f0 -£ = gm < Rgm = p. The proof is complete.
2. Proof of Theorem 2. Now we prove the main theorem. Put F = F0. Choose /, a nonnegative continuous extension of /0 to ß, such that / > 0 on F and / is zero outside a compact subset of ß. Let {Un} "_ 0 be a sequence of relatively compact open subsets of ß such that Un+X c Un+X c [/" for n = 0,1,2,..., and^ = n»_0c/". We can assume that U0 c F0. Fix a small e > 0. By the previous theorem there is a continuous potential p0 on ß such that: (i) p0(x) < f(x) for every x in F, (ii) p0(x) > f0(x) -e for every x in K, and (iii) p0 is a harmonic function on the open set ß \ U0. Let/, = max(/ -p0,0) on ß. Then/, is a continuous function on ß and /, > 0 on F. Applying the previous theorem to /, and then proceeding inductively, we obtain a sequence {/7n}Jf_i of continuous potentials on ß such that: (i) p¡ is a harmonic function on the open set ß \ JJi for every i, (ii) L"=0p¡ < fon F for every n, and (iii) £"_0/?, > f" -e/2" on K for every n.
Put/» = E°l0/7,. It is clear that/7 is a potential function on ß. Further, on K, n /0-£/2" < £/7, </ = /0 for every n.
Taking the limit as n -» oo, we conclude that/7 = /0 on K. Now/7, is a harmonic function outside U¡ ■ c F0 c F for every /'. Hence, E"=0p, is a harmonic function outside F Therefore, on every connected component of ß \ F, p = limn_ooE"=0/7, is either a harmonic function or identically +oo. But p is a superharmonic function on ß. This implies that p is finite on a dense subset of ß, which eliminates the second possibility. Hence, p is a harmonic function on ß \ F. Thus, we are left with proving the continuity of p on fi.
Let Hence, /7 is continuous at z. Now, let z in F\K. Then there exists an integer N such that zí U" if n > TV. By writing />(x) = EJI"^1/>,(*) + ^T-nPí(x), we see that E°l^/7,(x) is a harmonic function in an open neighbourhood of z. In particular, ¿Z.fLNPj(x) is continuous at z. Being a finite sum of continuous functions at z, E^,1 p¡ is a continuous function at z. Hence, p is continuous at z. Thus,/7 is continuous on ß, and the proof is complete.
Corollary
6. Assume that the constant functions are harmonic on ß. // K is a compact polar subset of ß, then every continuous function on K can be extended to a superharmonic function on ß.
Bibliography
